ASYMPTOTIC BEHAVIOR OF THE KOBAYASHI METRIC 
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Abstract. In this paper we construct a pseudoconvex domain in C 3 
where the Kobayashi metric does not blow up at a rate of one over 
distance to the boundary in the normal direction. 

1. Introduction 

The asymptotic behaviour of invariant metrics has been studied by several 
authors, Graham [3], Catlin PQ, Krantz [4j, Diederich-Herbort [2], Lee [7], 
and others. 

In this paper, we study the behavior of the Kobayashi metric, which is 
defined as follows: 

Definition 1. Let U C C n be a domain, Q G Q and X G T Q (Q). The 
Kobayashi metric Fk : TQ — * M + U {0} is defined as 

F K {Q,X) = inf {a > : 30 G 0(B), 0(0) = Q, 0'(O) = X/a] , 

where A{B) denotes the family of holomorphic mappings from B to A and 
D is the unit disc in C. 

Let 1] = {r < 0} CC C n be a smoothly bounded domain and P G d£l. 
Let P$ = P — 5v, where v is the unit outward normal vector to d£l at P, 
i.e., u = Vr{P)/\\Vr{P)\\. 

We want to estimate Fk(P&, v) as 5 > goes to 0, i.e., as the point P$ G O 
approaches the boundary point P along the normal line to the boundary. 

We see that the mapping (f>(0 = Ps + nes m O for all £ G B for (5 > 
small enough. Hence we see that 

F K (Ps,v) < g, 

for 5 > small enough. 

The question is whether the other direction is true, i.e., whether there 
exists some constant C > such that 

(1) F K {P 5 ,v)>C- 5 

for 5 > small enough. 
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The answer is "No". It is not true in general. Krantz [1] showed that if 
P is a strongly pseudoconcave point, then one has the following estimate: 

Ian Graham [3j proved that if 0, is a strongly pseudoconvex domain in 
C n , n > 2, then (pQ) holds. Catlin [1] showed ([I]) is true when O is a finite 
type pseudoconvex domain in C 2 and Lee [7] proved it for convex domains 
in C n . 

So it has been conjectured that the estimate ([T|) must hold for a smoothly 
bounded pseudoconvex domain in C n , n > 2. 

In this paper, we give a counter example to the conjecture. We construct 
a smoothly bounded infinite type pseudoconvex domain in C 3 where we can 
find sequences <5„ \ and a n f oo such that 

(2) F K (P Sn , u) < — - , for all n € N. 

To construct such a domain, we modify the domain in Krantz [5], which 
is a smoothly bounded pseudoconvex domain in C 2 , where there exist se- 
quences b n y oo, c n y oo and S n \ such that 

(3) F K (P Sn ,iy + b n T)<^—, T G Tp(dQ), Vn G N. 

We see that the vector v + b n T has a very large tangential component for 
a large number n. Therefore, as _P,5 n approaches the boundary point P, the 
estimate above gives the estimate for an almost tangential vector, not the 
normal vector. 

In section 2, we give a detailed proof of ([3]) since the proof is very sketchy 
in [5]. In section 3, we modify the example in section 2 and construct a 
smoothly bounded pseudoconvex domain in C 3 , where ([2]) holds. 

2. Construction of a domain in C 2 

Proposition 2. For a given increasing sequence a n y oo, we can construct 
a smoothly bounded pseudoconvex domain Q, = {r < 0} C C 2 and find a 
boundary point P € d£l and a sequence 5 n \ such that 

F K (P 5n , X n ) < -L P 5n =P- 5 n u, 

where X n 's are vectors such that {X n , v) = 1 and v is a unit outward normal 
vector to d£l at P. 

Proof. Let fi C C 2 be a pseudoconvex domain defined as follows: 
Q= {(z,w) GC 2 :r(z,w) = Rew + p(z) <0}fl5(0,2), 
where p(z) vanishes to infinite order at and satisfies the following: 

(4) p(z) < 5 n - a n — Rez, V|z| < r n , r n \ 0. 
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Then the analytic disc 

<P(() = (rnC, -$n + a n 5 n () , (£D 
lies inside Q since, by (j4]), we have 

(5) r(<XC)) = S n + a n 5 n Re ( + p{r n Q 

< -5 n + a n 5 n Re ( + 5 n - a n <5 n Re ( = 0, VC G 
Hence, letting P = 0, P^ n = P — 5 n v = (0, — 5 n ) and 

y - Tn _ i 

we have 

/ g Q 

0(0) = r n — + a n 5 n — = a n 5 n X n . 
oz aw 

Therefore we get 

F K (P 5n ,X n )< 



Construction of p. 

Choose r n 's such that 

(6) r n = a>n lr l-H r n<^ 

and let 

u n (z) = — — Re z + ^ 



4 log a r . 

Define a function R n (z) as follows: 



(7) Rn(z) 



j max {u n (z), 0} , Rez<& n 
^iin(-z), Rez > b n , 

where < b n < 1 is the smallest positive number such that 

8 4 log a n 

Such b n exists for large enough a n and we may assume a\ is large enough. 
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Note that b n \ and that b n < 1/8. 

We show that R n (z) is subharmonic on C. From (JT|), we see that the 
function R n {z) is subharmonic on C \ {Rez = b n }. We can check that that 
R n is continuous near {Rez = b n }. On the line Rez = b n , we have that 
\z\ > b n and that 

1 r> log |«| 1 log6 n 

- - Re z + — > - - b n + — = 0, Re z = b n . 

8 41oga n 8 41oga n 

Hence we conclude that R n is continuous and hence R n (z) is subharmonic 
on C. 

Calculating u n (z) for \z\ < 2r n , we can prove that R n {z) = for all 
\z\ < 2r n . 

If \z\ < 2r n , (2r n < b n ) then we get 

(8 u n (z = - - Re z + — — — < - + 2a n r n _ x + — 

8 41oga n 8 41oga n 

1 ! - log a n + log 2ri , 1 , 

< - + 2a- 1 + < + 2a- 1 < 0. 

8 4 log a n 8 

Therefore we check that 

(9) R n (z) = 0, V|z| < 2r n . 

Also we can easily check that R n {z) < 3/8— Re z for all \z\ < a n . Calculate 
u n (z) for \z\ < a n : 

%(z) = ^- Rez+ <|-Rez, V|z| < a n 

8 4 log a„, 8 

Since b n is a small number, we have that 

3 

0<--Rez, Rez<b n . 
8 

Hence, from ([7]), we have 

(10) R n (z) < | -Rez, V|z|<a n . 

o 

Now we make R n smooth using convolution with a smooth function. 
Choose a nonconstant C°° function \ : C — > R + U {0} such that 

0<X<1, x(z)=x(\z\), x(z) = 0, if |z| > 1 

and let 

m = x( z )dxdy. 
Jc 

Let dfi = dxdy/m. We define the function R n (z) as follows 

(11) Rn(z) = / i?ri(z - £nw)x{w)d[i(w), e n < T -^. 

Jc 1 

From ([9]), we have that 

R n {z - e n w) = 0, V|z| < r n , < 1. 
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Hence 
(12) 

Note that 



Rn{z) = 0, \z\ < r n . 



log ( 1 + 



1 



(13) \u n (z - e n w) - u n (z)\ < e n H -± Ul > r„ 

4 log a n 

Therefore, for \z\ > r n , from (|13|) we have 

(14) |fln(*-en1i>)-fln(*)| < 

o 

uniformly in |io| < 1 and | jar | > r n for small enough e n . Together with 

R n (z) = R n {z) = 0, V|z| < r n , 

we get 



(15) 



< Rn(z) - R n (z) <-, VzG C. 



The lower estimate R n (z) > R n (z) holds by subharmonicity of R n . 
Therefore, from (jlOl) and (|15() . we have 



(16) 
Let 



#n(*0 < ^ ~ Rez ' V|z[ < a n . 



Then, from (|16p . we have 
(17) 

and, from (fl~5l). 



p n (z) = Rn ( — ) . 



pn(z) < o - — Rez, V|z| < r„ 
2 r n 



#n I — I - Rn I — 



<-, VzG 



By {HI), we have 



a„z 



Pn (z) = R^ I = 0, V|*| < r^a" 1 . 



(18) 



Also, from ([6]), we get 
(19) r n+1 = a~l x rl < r 2 n a~ l . 



Therefore, from (|18p and (|19|) . we have 
(20) p n (z) = 0, V|a?| < r n+1 . 

We define p(z) as follows: 



(21) 
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where 5 k s are positive numbers that will be chosen later. Since r n \ 0, 
from (f20j) . we see that 

oo 

P( z ) = ^2 S kPk(z), V\z\ < r n . 



k=n 

Therefore, from (|17p . we have 

oo 5 5 °° 

(22) p(z) = ^2 s kPk(z) < y - a n ^Rez + 5 fc/ 0fc(- 

A;=n " k=n+l 

Now we evaluate /?fc(z) for \z\ < r n , n < k. 



\z\ < r„. 



(23) p k (z) = R k 



r k 



< Rk 



a k z 
rk 



1 

+ - < 



u k 



a k z 
r k 



+ 



1 a k \og\a k r n /r k \ 1 a k log a fc + log (r n /r k ) 

< — | r n H < — | 1 

4 r k 41oga fc 4 r fc 41oga fc 



Let 



Ai 



< 1 afc log(l/r fc ) 

~ 2 r fc 41oga fe 

1 afc log(l/r fc ) 

2 r fc 4 log a fc 



and choose Su's as follows: 



Then we see that 5 k \0 and 



Hence we have 

oo oo i r 

(24) J2 5 ^(z) < s n E p ^ y > 1*1 < 

fc=n+l fc=n+l 

Therefore, from ([22]) and (p3j) . we get 



r n . 



(25) 



p(z) < S n - a n —Re z, V\z\ < r n . 
r n 



Note that we can choose 5 k s small enough that p is smooth. 

3. Construction of a domain in C 3 



□ 



Theorem 3. For a given increasing sequence a n /* oo, we can construct 
a smoothly bounded infinite type pseudoconvex domain 17 CC C 3 and find a 
sequence 5 n \ such that with a suitable point P € d£l, one has 

F K (P5 n ,v) < P Sn =P~ S n U, 

a n o n 

where v is the unit outward normal vector to d£l at P € <9f2. 
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Proof. Let C C 3 be a pseudoconvex domain denned as follows: 

Q = {(s,t,w) G C 3 : r(s,t,w) = Rew + p(s,t) < 0} nfl(0,2). 

We construct p(s,t) such that for a given sequence a n / oo, a n > 4, we 
can find a sequence 6 n \ and r„ \ such that /o(s, t) satisfies 

P(C 3 ,C 2 ) <5„-a„^ReC, V|C|<r n . 
r n 

Then the analytic disc 

( j } {Q = {rlC\rlC\-5 n + a n 5 n C), (eD 
lies inside £1 since 

(26) r(0(C)) = -<5 n + a n <5 n ReC + /5(r 3 C 3 ,^C 2 ) 

< — <5n + a n^nRe £ + <5 n — a ra <5 n Re £ = 0, V£ G B. 

Hence, letting P = and P,5 n = P — 5 n v = (0, — <5 n ), we have 
m = Ps n , (j)'(0) = a n 5 n -^. 

Therefore we get 

F K (P Sn ,u)<-^. 

Uj n u n 

Construction of p 

We modify the function p we defined in section 2: Refer (|2ip . (120p . and 

Here we restate the definition and the properties of p: 

oo 

p(c) = X>mo, 

where Pj(() satisfies 

(27) Pj(0 = 0, \(\<r j+ x 

(28) Pj (() < \ - ^ReC, V|C|<r r 

Let z = (s, t) G C 2 and V = {s 2 - t 3 = 0} C C 2 . We define 

Pn(s,t) = Pn{s/t) = p n (C), if (a,t) = (C 3 ,C 2 ) G V. 

Now we extend p n to C 2 . 

Let f n = r 3 +1 and B n = B(0,f n ) C C 2 . If (s,i) GB„nV, then (s,i) = 
(C 3 ,C 2 ) and |C 3 | < r 3 +1 and |C 2 | < r 3 +1 . Hence |C| < r n+1 (r n+1 < 1). So 
we know that 

p n (s,t) = o, V(s,t)eVnB n . 

We let 

p n (s,t) = 0, V(s,t)eB n . 
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Let B' n = B(0, 3f n /4) C B ri and choose a small neighborhood U n of V 
such that the projection tt : U n — ► V is well defined on U n \ B' n and that 
U n \B' n = {p G C 2 : \p — 7r(p)| < d n } for suitable small positive numbers d n . 





n 









(s, 0) if js € F x n u y 2 n 



We define the projection tt more precisely. Let V± and V2 be the two sheets 
ofV: V 1 = {( r 3/2 e i(3e/2 +7 r) )re ifl) ; r,0 E R}, V2 = {( r 3/2 e W), re tf ) : r,8 £ \ 
and let Vj™ = Vi \ -B^ and V 2 n = ^2 \ B' n . We consider a biholomorphic map- 
ping 

$ : (s,t) — > (s,t- s 2/ 
in a small neighborhood J7 n of V™ U V^™- Then $(2;) 
We define the projection tt as follows: 

7T(^) = $- 1 (7T 1 ($(Z))), 

where 7ri(s,i) = (i, 0). 

We define p n on Z7 n \ S n as follows: 

p n (z) = p n (n(z)), z eU n \ B n . 

Then the function p n is well defined on B n U U n . Now we extend p n to 
C 2 Choose a smooth function /i : K — > [0, 1] such that 



0, *G[0,(3/4) 2 ] 

1, x > 1 



Let x : 



and let 



[0, 1] be a smooth function defined as follows: 
'l, 1 6 [0,1/2] 



XnO) = XU 



0, x > 1 



tt(z)\ 



Then Xn satisfies 

Xn{z) 



k— T_0) 



z G C 2 \ S„ 
z£B n \B' n 

zeBL 
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Consider the function p n Xn- Then p n Xn is a smooth extension of p n on C 2 
and it satisfies the following: 

'0, 

PnX { —JT~) ' Z G U \ Bn > 4 " ' 
Z f7 n U 5 n 



PnXn{z) = < 



zeB n 

zeU\B n , |z-vr(z)| 2 < f 
|£ZZ«\ ze{/\B n , f <|z-7r(z)| 2 <4 



Let 



We can find C n > such that 

ddp n {z){L,L) > -C n \\L\\ 2 , Vz G 5(0,2). 

Now we add a strictly plurisubharmonic function to make it plurisubhar- 
monic. Note that p n is plurisubharmonic everywhere except on 



d 2 



A n = { z G I7 n \ B n : < \z - vr(z)| 2 <d n }. 



Let 



q { z ) = e W\s 2 -t z \ 2 , z=(s,t). 



Then c/(z) is strictly plurisubharmonic outside a small neighborhood of V 
since log q is strictly plurisubharmonic. Hence we can find a number c n > 
such that 

ddq(z){L,L) > c„||L|| 2 , Vz G A n nB(0,2) 
Choose K n > large enough that 

-C n + K n c n > 

Then p n + K n q is plurisubharmonic on A n U D n and hence in C 2 . Let 

r n =Pn + K n q. 

Then 

r-n(C 3 ,C 2 )=Pn(C 3 ,C 2 )=/5n(C)=Pn(C). 

Hence 



o, 



ICI < r ; 



n+1 



<I-^ReC, |C|<r n . 



Let 



and choose Sj's small enough that p is smooth in a small neighborhood of 



0. 



□ 
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